ABSTRACT. In this note we compute length, support and dimension of syzygy modules of certain modules.
INTRODUCTION
In this note (R, m, k) is a commutative noetherian local ring of dimension d > 0 and 0 = M is a finitely generated R-module. Let i ∈ N 0 . The notation p. dim(−) stands for the projective dimension and λ(−) is the length function. The i th betti number of M is given by β i (M) := dim k (Tor To find a connection between Question 1.1 and Question 1.4 let us revisit Example 1.2, where we observed that λ(Syz 1 (M)) = ∞. In fact, Syz 1 (M) = yR. Also, Ann(yR) = xR. Thus, Supp(Syz 1 (M)) = V(xR) = Spec(R). This is a sample of a general fact, which extends and corrects some known results:
Observation C. Let d > 0 and 0 = M be a finite length module of infinite projective dimension. Then, for all r ≥ 0 the following conditions are equivalent:
By Assh(R) we mean the set of all prime ideals p such that dim(R) = dim(R/p). Here is an immediate application: Let R be a ring such that Ass(R) = Assh(R) (e.g. R is Cohen-Macaulay), λ(M) < ∞ and p. dim R (M) = ∞. Then Supp(Syz i (M)) = Spec(R) for all i > 0. In particular, Question 1.1 and Question 1.4 are true over integral domains. To see more applications of Observation C, please see A finitely generated module M is called locally free on the punctured spectrum if M q is free over R q for all q ∈ Spec(R) \ {m}. For example, any finite length module is locally free. Lemma 2.1. Let (R, m) be equidimensional and M be locally free on the punctured spectrum. Then either
In the next argument, we are not in a position to drop the equidimensional assumption.
Proof. If d = dim R ≤ 1 there is nothing to prove. In particular, we may assume that d > 0 and that Syz i (M) = 0. If min (Supp(Syz i (M))) ⊂ min(R) were be the case, then we should have dim(Syz i (M)) = dim R, because R is euqidimensional. Thus, we can assume min(Supp(Syz i (M))) min(R). Let p ∈ min(Supp(Syz i (M))) \ min(R). We claim that p is the maximal ideal. Suppose on the contrary that p = m. To search a contradiction, we look at F → M → 0 the minimal free resolution of M. Since M is locally free, M p is free. Consequently,
However, if M is of finite length we are able to drop the equidimensional assumption: Lemma 2.2. Let d > 0 and 0 = M be finite length module of infinite projective dimension. Then, for all r ≥ 0 the following conditions are equivalent.
Proof. First we recall a routine fact. Let p = m be a prime ideal. Such a thing exists, because d > 0. Keep in mind that M is of finite length. Since M p = 0, we have the following split exact sequence:
Now, we prove the lemma:
By the assumption such a p exists. Thus Syz r+1 (M) p is a nonzero free module. Therefore, rank(
The reverse inclusion always hold. So, Spec(R) = Supp(Syz r+1 (M)) as claimed.
iii) ⇒ iv): Recall that modules with the same support have a same dimension. This implies that dim Syz 
Corollary 2.5. Let 0 = M be a finite length module such that
Proof. We may assume that d > 0. First note that p. dim(M) is infinite. Clearly, λ(Syz 1 (M)) = ∞. This follows by looking at the following short exact sequence
and the fact that d > 0. This implies that Supp(Syz 1 (M)) = Spec(R), see Lemma 2.2. Suppose on the contrary that Supp(Syz 2i+1 (M)) = Spec(R) for some i > 0. By revisiting Lemma 2.2, we see that λ(Syz 2i+1 (M)) < ∞. We apply this along with Lemma 2.4 to observe that λ(
Question 2.6. Let C be a class of finitely generated modules.
The classes that we are interested on it are the class of finitely generated modules, the class of finite length modules and the class of modules with fixed certain numerical invariants.
DEALING WITH REDUCED RINGS
In the Cohen-Macaulay case and for all i > dim R the following fact is in [1] .
Fact 3.1. (Okiyama) Let R be a ring such that Ass(R) = Assh(R) (e.g. R is Cohen-Macaulay or R is a domain) and p. dim
Proof. First note that the property Ass(R) = Assh(R) is one of the basic properties Cohen-Macaulay rings but does not characterize Cohen-Macaulay rings. By looking at the following exact sequence
Corollary 3.2. Let R be a ring such that Proof. We may assume that p.
The following is our main result in this section:
Corollary 3.6. Let R be a reduced local ring and M a finite length module of infinite projective dimension. Then
Proof. We may assume that dim R > 0. Reduced rings satisfy in the Serre's property (S 1 ). One may read as follows: depth(R p ) ≥ min{1, ht(p)} for all p ∈ Spec(R). We apply this for the maximal ideal to observe that depth(R) > 0. Now Lemma 3.4 yields the claim.
LOOKING THROUGH BUCHSBAUM GLASSES
We start with:
Lemma 4.1. (Vanishing result) Let M be locally free over punctured spectrum that λ(Syz i+1 (M)) < ∞ for some fixed i > 0. Then Tor
Proof. The proof in the case M is of finite length is in [5, Lemma 5.2] . Again, such a proof works for locally free modules.
Lemma 4.2. Let M be of finite length. Then λ(Syz
Proof. Suppose on the contradiction that λ(Syz i (M)) < ∞ for some 1 ≤ i ≤ d. We look at the following complex of free modules with finite length homologies:
The new intersection theorem [9] implies that i − 1 ≥ dim R which excluded by the assumption. Now, the proof of Lemma 2.2 shows that Supp(Syz i (M)) = Spec(R).
We need to recall the following result: Let R be a noetherian ring and 0 = I an ideal with a finite free resolution. Then I contains an R-regular element, see [ 
Recall that
Consequently, p. dim(M) < ∞ which is impossible. This contradiction yields that Syz i (M) is of infinite length. Clearly, λ(Syz 1 (M)) = ∞. This follows by looking at the following short exact sequence 
Proof. The claim in the case d = 1 follows from [5, Proposition 5.3] under the assumption λ(M) < ∞. The same argument works for locally free modules. Then we may assume that d > 1. Now, the first desired claim is in Proposition 4.4. If R is equidimensional, we deduce from Lemma 2.1 that
The new intersection theorem answers the question provided dim R = 1. Recall that the new intersection theorem gives a lower bound on the size of perfect complexes with finite length homologies.
Reversely, we ask: Question 4.6. Let F : 0 → F n → . . . → F 0 → 0 be a complex of free modules and with finite length homologies. Under what conditions there is an integer ℓ independent of n such that n < ℓ dim R?
In Question 1.1 we focus on perfect complexes of the form F : 0 → F n → . . . → F 0 → 0 with the additional assumption H i (F) = 0 for all 0 < i < n.
SOME NON-REDUCED AND NON-BUCHSBAUM EXAMPLES
We start by proving Corollary 1.6. First, we recall the main point for dealing with weakly reduced rings: 
To get a contradiction it is enough to note that 0 In the above example we have Ass(R) = Assh(R), because m ∈ Ass(R) \ Assh(R). Also, R is not reduced, e.g. f 2 = 0 and f = 0. Fact 5.6. Let I be an ideal in a normal local ring (S, n) which is not contained in any height one prime. Set R := S/In. Let M be finitely generated and non-free. Then M has strictly increasing betti numbers.
The following is taken from [4] and plays a role in the sequel. We close the paper by the following specialized question:
Question 5.10. When is λ(Syz 2 (M)) < ∞?
If such a thing happens, then the ring is 1−dimensional with a nonzero nilpotent.
